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Abstract
This paper introduces a survival bias that emerges when we seek to learn about
a random payo from observing a sequence of doubly censored signals. The sequence of signals can only be observed if it has always been good enough through
out its path, namely a signal can only be observed if its precedents sequentially
and jointly passes a threshold in each period of time. For example when the signals come from another agent's optimal stopping problem in drawing the random
payo. The second censoring is a truncation in time such that the we only see the
more recent signals but not the historical ones. There is a survival bias if the we
don't fully consider the unobserved historical signals and the rst censoring mechanism. The naive Bayesian updating is also awed in its commuting property and
its sucient statistics. This bias is dynamic in the sense that the inference about
the un-observed signals evolves as the observation continues. This paper characterizes the correct posterior belief about the random payo that fully considers the
censoring process and thus is adjusted for the bias.
Keywords: Optimal stopping; Bayesian Learning; Survival Bias
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Introduction

In many economics scenarios, we need to learn about a random payo but don't have
access to the experimentation, or, the signal generating device.

We can only observe

the signals from others' experimentations. This type of second hand learning always
face two kinds of censoring. Fisrtly, the experimentation process which generates signals
about the random payo only continues when the results satisfy certain conditions. In
addition, we usually cannot observe the full history of the signal realizations but only
the more recent ones.
There are three foco cases that are of this nature.

In the rst case, the signal

generating process is an agent's trials of the random payo. Typically, the agent faces
an optimal stopping problem
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- he incurs an experimentation cost but gathers a payo

and the information gain determined by the realization of each trial. Specically, If the
reward to the experimenter is the realization of the random payo each time then it is
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a classical one-arm bandit problem . The rst censoring is done by his stopping rule.
For instance, a rm learns about its own capacity through the success and failure of
its products (J Miklós-Thal, 2018). The rm may exit the market if it nd itself less
competent. Consumers also evaluate a rm's capability through its products, but they
don't usually consider, or are not aware of the full historical product of the rm. For
example the younger generation is not familiar with the once popular iPod by Apple,
and walkman by Sony. Their judgement may result in a bias if they do not consider the
rm history.
In the second case, the signals come from dierence sources. There's a third party
that lter the signals. For example, when a consumer considers buying a product online,
he sometimes learns about its quality from reading previous buyers' reviews, usually only
the several recent ones. Here comes the problem - many online shopping platforms rank
products by average review results.

This implies that a product is only "visible" to

the consumer when it has sucient good reviews.

Given this mechanism, with the

same quality, a "visible" product is more likely to have earlier good reviews and later
bad reviews. Thus only base one's evaluation on the most recent reviews may lead to
underestimating about the the product quality.
In the third case, the signals are from a single agent but the selection is made by
a third party. For instance, the Chinese college admission system relies heavily on the

1 Wald
2 As

(1947)
formulated in Gittins (1979)
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one-time national college entrance exam. Students from all backgrounds compete in this
exam.

However students from low-income families are more likely to dropout if they

perceive poor performance before they take this exam.

Thus, judged from the same

nal score, students from low income family are more likely to have better historical
scores. But this inequality is not taken account of.
Knowing the mechanism of the rst censoring, we should updates our belief about
the random payo according to both the observed trial results and the inference of
unobserved trial results that are consistent with the on-going experimention. We call
this belief the

adjusted posterior.

The partial information problem may stem from many causes, for instance old his-
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torical data are lost, or have limited access. For example when Moody's

evaluates a

rm, it usually only acquires the most recent two year's nantial statemtents. There are
also cases where it's required to only utilize partial data. For example the FDA conducts
three phases of clinical trials before a new drug can be marketed. But the information
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in the physician labeling is only based on the phase 3 data . In this case the consumers
may get a biased (conservative) information on the ecacy of the medicine. If the FDA
approval policies must be based on observed experiments, then this rule mimics a naive
Baysian updating, and thus leads to an excessively conservative drug adoption.
The rst goal of this paper is to study the properties of the dynamic survival bias. For
simplicity of illustrating this situation, we assume the signals are i.i.d. Bernoulli. The
experimenter's trial results are thus a sequence of successes and failures. It's interesting
to consider general information structure other than Bernoulli trials and we'll show in the
main text that the logic for our main results about the dynamic survival bias applies to
more general settings. Yet it's also our goal study the pattern of the information, which
degenerates to the path-dependent property in binary signals and delievers tractability.
Essentially, the selection bias exists because the rst censoring results in a pattern
in the observable data while the second censoring results in a non-representative sample
of the full data set. . Since the experimenter will stop experimenting when suciently
pessimistic about the payo probability and earlier failures larger drop in the experimenter's incentive to continue experimenting. Therefore, it is more likely that the total

3 The

Moody's KMV EDF RiskCalc v3.1 Model,
https://www.moodys.com/sites/products/ProductAttachments/RiskCalc%203.1%20Whitepaper.pdf
4 Drug Development and Review Denitions in the Investigational New Drug Application.
https://www.fda.gov/Drugs/DevelopmentApprovalProcess/HowDrugsareDevelopedandApproved/
ApprovalApplications/InvestigationalNewDrugINDApplication/ucm176522.htm

2

trial history contains early successes and later failures. This logic also makes the pattern
of the observed trial sequence important. In the basic Bayesian updating process, the
number of successes and failures in the observation is a sucient statistics. However, to
derive the adjusted posterior, the analyst needs to keep track of the ordering of signal
realizations. Specially, a signal realizations sequence with earlier failures suggests better
inference of pre-observation trial results, and thus implies a higher adjusted posterior.
Intuitively, suppose the pre-observation history already contains many failures, then observing earlier failures implies that the experimenter has to endure consecutive failures,
which is a less likely situation. This also justies the dynamics property of the survival
bias, as dierent observation leads to dierent inference of the unobserved trial results.
The ordering of successes and failures can be more important than the number of them.
Signal realization sequences with more failures but earlier failures can imply higher posterior. In addition, the pattern of information also impacts whether the survival bias is
larger when the survival time is (stochastically) longer. When the observed sequence of
trial results contains early successes and large success numbers, the survival bias accumulates as the survival time gets (stochastically) longer. However, this is not necessarily
true when the observation contains early failures and large failure numbers, since in this
case, we are more certain that the pre-observation is good when it is shorter.
There has been lots of literatures that also consider the learning in stopping problems.

For instance, the applications of the Bandit problem in a multi-agent setting.

Bolton, Patrick and Harris, Christopher (1999) studies a model in which dierent agents
play bandits with the same payo distribution and can observe the other's trial results
(signals). In this case, information is public good and their focus is the free riding problem.

Rosenberg, Dinah and Solan, Eilon and Vieille, Nicolas (2008) studies a similar

setting where the agents can only observe the actions of continuing or stopping playing
the bandit, but not their trial results. On the other hand, there's also the applications
of the Bandit problem in the contract problem framework. For example, Gomes, Renato
and Gottlieb, Daniel and Maestri, Lucas (2016) studies the screening and learning where
the analyst sees the information but not the action of the experimenter. In all cases,
the available information to the observer is either all of the signals, all of the actions, or
both. Instead, I assume a natural situation where both action and signals are partially
observable and emphasize the learning in a dynamic setting. Another branch of literature my work ts into is the social learning problem. In Smith, Lones and Sørensen,
Peter and Tian, Jianrong (2012), they argue that the information herding problem stems
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from the incomplete learning from a bandit player who forgets previous signals and ignores the information impact of his actions. Applying this idea to my model, I study
the optimal Bayesian learning of a partially forgetful experimenter who can only keeps
track on recent trial histories.

2

Model Setting
P needed to be learned. There's a sequence of i.i.d binary
Pr(s = 1) = P . We call the realization "1" as the high signal

Consider a random payo
signals

s ∈ {0, 1}

where

and "0" as the low signal.
Assume that the trials start at period

Z

−T

and is currently at period

are known positive integers. Denote the signal realization in period

Z where T and
t by st and the

hst iZt=−T .
A. The First Censoring: There is a function I(·, ·) : Z × Z → R that maps
Z
binary sequences of arbitrary length into R and we call it the index. Let n1 (hst it=−T ) =
P
PZ
Z
Z
t=−T st counts the number of high and low
t=−T st and n0 (hst it=−T ) = T + Z + 1 −
Z
Z
signals in the history hst it=−T . Assume that a signal sequence hst it=−T is only observable
at period t if it passes the index I(·) along its path up to t, namely
history of signals up to

Z

by

hs−T . . . s0 . . . sZ i,

or

I(n1 (hst iZt=−T ), n0 (hst iZt=−T )) ≥ 0
for

k = −T, . . . t.
Assumption: I(n1 , n0 )

weakly increases in

n1

and weakly decreases in

publically known. For simplicity, we sometimes abuse the notation and use
to denote

n0 . I(·) is
I(hst iZt=−T )

I(n1 (hst iZt=−T ), n0 (hst iZt=−T )).

B. The Second Censoring:
We as an outsider-analyst only observed a

public history starting from period

0.

HZ . HZ = hst iZt=0 . We call the part that's not seen, hst i−1
t=−T as the prehistory and denote it as H0 . When the public history length is not emphaszied, we
sometimes omit the subscrpit in HZ .
For example, there's a product of the product of unknown quality Q. Consumers
write binary reviews - good review and bad review. Q is positively related to the probability P that a consumer will give the product good review. Products are ranked by their

Denote it as

average review and a consumer usually only reads the rst few pages of product reviews.
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When the average review falls below certain level, this product becomes invisible. The
consumer also only read the rst page reviews, which are ranked by dates from the most
recent to the most obsolete ones.
The performance measure of a student is

V.

With probability

good scores in a exam/quiz and with probability

1−V

V

he (she) will have

he or she has bad exam scores.

There's an evaluation in each season to determine whether this student stays in this
program.
Apart from perception constraint, there are also some policy constraint that exclude
us from knowing or utilizing early trial results. For example FDA
For instance, the signals could come from the experiment of a single agent who faces
an optimal stopping problem. Specically, If the payo to the experimenter is the trial
results each time, then it's a bandit problem and

I(·) is the Gittin's index.

Or the signals

are from dierent sources where there's a third party that chooses their visibility.

C. The Posterior Beliefs
We rst consider as a benchmark the
history

H

naive posterior based solely on the public

and disregard the pre-history. Let

that the success chance

P ≤ p,

H

given

Assume that the prior belief of

P

G(p|H)

denote its cdf, namely the chance

alone.

has continuous density

f0 (p).

The naive posterior

is computed from the basic Bayesian rule.

p

G(p|H) =

 01
0

q n1 (H) (1 − q)n0 (H) f0 (q)dq
pn1 (H) (1 − p)n0 (H) f0 (p)dp

Intuitively, the naive posterior could be downwardly biased because it ignores the
positive information that the signals pass the rst censoring. Although this conclusion
is correct, as will be shown formally in Section 3, the logic could be quite fuzzy. The
signals are in ex-ante independent, but the rst censoring creates an ex-post pattern
in the signal sequence. Specically it's more likely that the history contain early high
signals and later low signals, or it would become invisible.

Our observation being a

later truncation in the signal sequence is a non-representative sample of the full signal
sequence, thus creating a bias.

This bias stems from the joint eect of the rst and

second censoring.
To correct this bias, we compose the

adjusted posterior

F (p|H; I, T ) that accounts for

I.

We rst consider the problem

all possible pre-histories consistent with the index rule
with xed pre-history length time

T,

for simplicity, let's write the adjusted posterior
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as

F (p|H; I).

We explore the properties of the corrected posterior

dierence from the naive posterior

G(p|H).

F (p|H; I)

and its

We formally dene the dynamic survival

bias as the dierence between the naive posterior and the adjusted posterior. We will
also explain why this is dynamic in Section 3.
Since the naive posterior only considers the public history while the adjusted posterior considers all possible pre-histories that are consistent with the public history and
the lter, the bias is essential the inference about the un-observed pre-history. To characterize the corrected posterior, we rst explore the possible pre-hitories. Let

be the

0's and 1's. We use ‘ + ”
between sequences denote the operation of concatenation (E.g. h10i + h01i = h1001i).
We say a pre-history is admissible with public history H if it passes the index rule
along its path after been cancatenated by the history H . Let Γ(H|I) denote the set of
admissible pre-histories for public history H with the index I ,

set of all pre-histories, namely it's the set of length

k
Γ(H; I) = {hst i−1
t=−T ∈ H0 |I(hst it=−T ) ≥ 0,

T

H0

for all

strings of

k = −T, . . . , Z

H = hst iZt=0 }

and

(1)
Specically, when

H = ∅,

k
Γ(∅|I) = {hst i−1
t=−T ∈ H0 |I(hst it=−T ) ≥ 0,

For any

H ∈ H,

we have

ΓH ⊆ Γ∅ .

for all

k = −T, . . . , −1}

This property that

Γ

depends on

(2)

H

is the

essential cause for the survival bias to be dynamic, which we will discuss in the next
section.

pP

F (p|H; I) =

0
1
0

H0 ∈Γ(H;I)

q σ(H0 +H) (1 − q)φ(H0 +H) f0 (q)dq

(3)

P

σ(H0 +H) (1 − p)φ(H0 +H) f (p)dp
0
H0 ∈Γ(H;I) p

Generally it's very hard to compute, even for a very simple forms of

I.

For example,

I(H) = n1 (H)/(n1 (H) + n0 (H)) − 1/2, namely the average of signals realizations
to be always greater than 1/2 for the signal generating process to continue, or the

when
has

number of high signals has to be greater than the number of low signals along the path.

 p PT

P


c(m, 2, r1 )c(T − s − m, 2, r2 ) q s (1 − q)f f0 (q)dq
s=dT /2e
0
P

F (p|H; I) =  1 P
T
T −s
c(m,
2,
r
)c(T
−
s
−
m,
2,
r
)
ps (1 − p)f f0 (p)dp
1
2
s=dT /2e
m=0
0
T −s
m=0
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mρ+r

r
c(m, ρ, r) = mρ+r
m
2s − T + 1 and r2 = a − b + 1.
Similarly, when v = 2/3.

where

 p PT



is the

mth fuss-catalan number5 , r1 (s) = |H| − 2σ(H) +


c(m,
3,
r
)c(T
−
s
−
m,
3,
r
)
z s (1 − z)f dΥ(z)
1
2
s=d2T /3e
0
P

F (p|H; I) =  1 P
T
T −s
s
f
s=d2T /3e
m=0 c(m, 3, r1 )c(T − s − m, 3, r2 ) z (1 − z) dΥ(z)
0
where

P

T −s
m=0

r1 (s) = 2|H| − 3σ(H) + mod(T, 3) + 3s − 2(T − 1), r2 = a − b + 2 and δ ≤ 0.72.

One may wonder whether is it worth to run these complicated computations to get
the adjusted posterior. Next, we show in which aspects are the naive posterior awed
and why it's critical to employ the adjusted posterior in some cases.

3

Dynamic Survival Bias

Firstly, we explore how does dierent admisible pre-history aect the adjusted posterior
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in the likelihood ratio order

lr .

Lemma 1. The adjusted posterior falls when the admissible pre-history set gets larger:
for all public histories

H,

Γ(H|I) ⊆ Γ(H|I 0 ) ⇒ F (·|H; I) lr F (·|H; I 0 )
Since the rst censoring is a quasi-right censoring, when the pre-history set grows
larger, it only includes more unfavorable pre-histories and thus make the adjusted posterior lower. A formal proof is given in the appendix.
We can regard the naive posterior as the corrected posterior with an index rule that
allows for all prehistories, namely
that

F (·|H) lr G(·|H)

G(·|H) = F (·|H; I0 )

follows easily from Lemma 1 as

Γ(H|I0 ) = H0 ,
Γ(H|I) ⊆ H0 for all I .
where

the fact

Corollary 1. The adjusted posterior dominates the naive posterior in the likelihood ratio
order: for all public histories

H,
F (·|H; I) lr G(·|H)

5 or

the dyck path numbers
0
0
2 lr F1 if F2 (p)/F1 (p) increases in p ∈ [0, 1]. Note that the likelihood ratio order is a strong
notion of stochastic dominance. It implies the rst order stochastic dominance.
6F
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Since the corrected posterior is always higher than the naive poserior, we measure
this survival bias by their dierence with the



L1

norm:

1

|F (p|H; I) − G(p|H)|dp

B(H; I) =
0

More inportantly, this bias is dynamic as our inference about the pre-history changes
over time. We rst show this property by an exmaple

Example 1.

I(n1 , n0 ) = n1 + 1 − n0 and pre-history length T = 2.
history H1 = h0i, then from Figure we can see that Γ(H2 ) =

Consider index

Suppose we see the public

{h11i, h10i}. Next, let's continue for 1 period of observation and suppose we see another
h0i namley H2 = h00i, then Γ(H2 ) = {h11i}.
Although this extreme examples exploit the discrete nature of this problem, but te
general intuition is that discovering subsequent low signal may exclude more bad pathes
in the admissible history, compensating for the additional single low signal.
Another important message from this example is that additional low signals doesn't
always reduce our estimate. Suppose our prior is uniform, then the pdfs

f (p|h0i) ∝ 2p2 (1 − p)2 + 3p3 (1 − p)

f (p|h00i) ∝ p3 (1 − p)2
We have

F (p|h00i) 2 F (p|h0i)

where

2

stands for the second order stochastic

dominance. This also breaks down the result from naive Bayesian updating which always
give higher estimate with more high signals and worse estimate with more low signals.
Next, we show in the survival bias, setting, when is this rule broken down.

HZ0
h011i v1 h101i v1 h110i.
We say sequence

lexicographically precedes

Intuitively, starting from any state

(σ, φ),

HZ

if

n(H 0 )

*****.

For example,

a following trial results sequence that

contains earlier failures always reaches states with lower index than a sequence that
contains later failures.
Figures 1.

This can be seen in the exemplary table of Gittins indexes in

Each of the grids represents a state.

As the experiment goes on, states

(σt (H0 + H), φt (H0 + H)), t = −T, . . . , −1, 0, 1, . . .

forms a path in this table. A success

leads the path to the right and a failure leads the path down. Thus earlier failures make
the experimenter more likely to stop.

Therefore, observing earlier failures, while the
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Changes in the Possible Total Histories with Dierent Public History
(a)

0
0.50
0.33
0.25
0.20
0.17
0.14
0.13
0.11

1
0.67
0.50
0.40
0.33
0.29
0.25
0.22
0.20

6
0.88
0.78
0.70
0.64
0.58
0.54
0.50
0.47

7
0.89
0.80
0.73
0.67
0.62
0.57
0.53
0.50

Number of Failures

Number of Failures

0
1
2
3
4
5
6
7

(b)

Number of Successes
2
3
4
5
0.75 0.80 0.83 0.86
0.60 0.67 0.71 0.75
0.50 0.57 0.63 0.67
0.43 0.50 0.56 0.60
0.38 0.44 0.50 0.55
0.33 0.40 0.45 0.50
0.30 0.36 0.42 0.46
0.27 0.33 0.38 0.43

0
1
2
3
4
5
6
7

0
0.50
0.33
0.25
0.20
0.17
0.14
0.13
0.11

1
0.67
0.50
0.40
0.33
0.29
0.25
0.22
0.20

Number of Successes
2
3
4
5
0.75 0.80 0.83 0.86
0.60 0.67 0.71 0.75
0.50 0.57 0.63 0.67
0.43 0.50 0.56 0.60
0.38 0.44 0.50 0.55
0.33 0.40 0.45 0.50
0.30 0.36 0.42 0.46
0.27 0.33 0.38 0.43

6
0.88
0.78
0.70
0.64
0.58
0.54
0.50
0.47

7
0.89
0.80
0.73
0.67
0.62
0.57
0.53
0.50

Figure 1:
These tables show the Gittins Indexes for each combination of success and failure numbers.

The blue areas in (a) are the ending states corresponding to all possible total

histories of the experimenter from whose trials the public history is

h10i.

The blue areas

in (b) are the ending states corresponding to all possible total histories of the experimenter from whose trials the public history is
that are possible with public history

h10i

h01i.

The red area highlights the states

but not with

h01i.

experimenter continues experimenting suggests that the pre-observation history must
be good enough for the experimenter to endure the early failures.
Figures 1 shows the ending states

(σ|H| (H0 + H), φ|H| (H0 + H))

of all possible total

H0 +H ∈ ΓH for an experimenter with uniform prior, discount factor δ = 0, and
cost v = 0.5, where the public history are H1 = h10i and H2 = h01i respectively. Note
that with h01i, the pre-histories with the worst posteriors are eliminated. Essentially,
while the smaller is the continuation set ΓH , the higher is the adjusted posterior.
histories
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Dynamic Feature

Corollary 2. The adjusted posterior rises when H is permuted earlier in the lexicographic order:

H 0 v H ⇒ F (·|H 0 ) lr F (·|H)
Previously, we showed that the naive Bayesian updating results in a downward bias
and breaks its monotone property in the number of high/low signals. Now we've shown
that it is also awed in treating the number of successes and failures in the history as
a sucient statistic. To compute the adjusted posterior, we need to keep track of the
ordering of the public signals, namely the adjusted posterior is path-dependent.

9

T = 2, I = a + 2 − 2b
F (·|h0i) lr F (·|h10i)
f (·|h0i) ∼ p2 (1 − p) = p3 (1 − p) + p2 (1 − p)2
f (·|h10i) ∼ p3 (1 − p) + 2p2 (1 − p)2
Eg1.

Corollary 3. The adjusted posterior rises, or the bias is larger when the index is more
strict: for all public histories

H.

I 0 ≤ I ⇒ F (·|H; I 0 ) lr F (·|H; I)
In addition, assume the analyst knows the pre-history length is
pre-histories are

p) = p,

h10i and h11i.

The density

2.

The only possible

0

F (p|∅, go) is thus proportional to p2 +p(1−

the likelihood of the event that the experimenter is still going conditional on the

realization of

P

being

p.

This dominates the uniform distribution in the likelihood ratio

order as the likelihood ratio

p

is an increasing function of

p.

Moreover, this bias is dynamic since the posterior on the pre-history changes with the
public history, let's consider the setting in the previous example again. Now instead of a
null public history, let's assume the public history is
are the same as before,
possbile history is

h10i

and

h11i.

h1i,

then the possible pre-histories

However if the public history is

h0i,

the only

h11i, resulting in a posterior in period 0 that's proportional to p2 .

We

will address this later in section.
Now we have shown this comparative statics results regarding public signals with
the same length. Considering public signals with dierent length is more complecated
since we cannot x both the starting time and ending time. To avoid the complication,
we instead consider two special cases: 1. Fixing the pre-history length

T,

continue one

period of observation; 2. Fixing the ending time, trace back one period of observation.

Lemma 2. (a)discovering a subsequent high signal increases the adjusted posterior:

F (·|H + h1i; I) lr F (·|H; I)
This result is obvious since discovering a subsequent high signal does not change the
inference of the pre-history, namely

Γ(H|I) = Γ(H + 1|I),

the additional good signal

only raises the adjusted posterior. However the opposite does not necessarily hold for
discovering a subsequent low signal. Example 1 is a counter example.
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The adjusted Posterior Rises in the Pre-history Length

Figure 2:
This grues plots

F (p|h10i, go; t)

with various

uniform prior and outside option valua

t

when the experimenter is myopic, has

0.5.

Claim2. Now since time is not xed, we resume the full expression of
the parameter

F

that includes

T.

Lemma 3. F (·|H; I, T − 1) lr F (·|h0i + H; I, T ) and F (·|h1i + H; I, T − 1) lr

F (·|H; I, T ),

namely discovering a precedent high signal will increase the adjusted poste-

rior, similarly, discovering a precedent low signal will decrease the adjusted posterior.
The dierence in discovering subsequent and precedent signals implies the importance
of timing of the observation. It's intuitive to say that the adjusted posterior should rise
if the pre-history length increases as the longer is the pre-history length, the signals pass
more cencoring stages. However this intuition is only correct when the public history is
favorable enough.

Proposition 1. The adjusted posterior rises in the pre-history length: when H w H̄ or

H w H̄ + h1 . . .i

for some

H̄ ,
T 0 > T ⇒ F (·|H; T 0 ) lr F (·|H; T )

When the public history is favorable enough, the survival bias accumulates as the
survival time grows longer.
plotting

F (p|H, go, t)

We show the magnitude of the dynamic survival bias by

varying the certain pre-history length

t

in Figure 2.

However, note that this property doesn't necessarily hold for public histories containing early failures or too many large failures compared to successes. In this case, we are
certain about pre-history successes when the history length is short and this certainty
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is lost when the pre-history is long.

For instance, if we see 10 failures and we know

there's only one un-observed trial before that, we are pretty sure the un-observed trial
is a success. However when we know there are 100 previous trials, we can hardly make
judgements about them.

5

Summary and Discussion

This paper studies the survival bias when there are two types of truncations of a"panel
data" (or a group of sequential signals). On the cross-section dimension, sample data
are only observable when they jointly pass certain lter, other than pass this lter
individually as in usual survival bias problems. On the time dimension, the truncation
is due to the observer's perception constraint. The rst truncation results in a pattern in
the observable data while the second truncation results in a non-representative sample
of the full data set. A survival bias emerges and this bias is dynamic in the sense that
a dierent observation aects the inference of the un-observed pre-history.

And the

inference is path-dependent.

6

Appendix

Specify of the Gittins Index and the adjusted Posterior
Let

ΩH

denote the set of states

continuation set

ΓH ,

(c1 (H), c0 (H))

corresponding to the histories in the

namely

ΩH = {(n1 (H0 ), n0 (H0 ))|H0 ∈ ΓH }
Assume state

(n1 , n0 )

is the

n1 , n0 th

vertex in a 2-dimensional regular grid. Then

Ω

(i, j) as I(i, j) rises in i and
− i)} where b(T + 1) = b(T ) + 1 or

is a quasi-upper-triangular region in the square grid graph of

∪Ti=b(T ) {(i, T

j . We can partition it into Ω =
b(T +1) = b(T ). Let N (i, j|Ω) be the number of staircase walks whose pathes are entirely
inside Ω from (0, 0) to (i, j). Note that N (i, j|Ω) is the number of admissible pre-histories
with success number i and failure number j . N (i, j|Ω) = 0 when (i, j) ∈
/ Ω, Note that
the state transition can only take the form (i, j) → (i + 1, j) and (i, j) → (i, j + 1).

falls in

N (i, j|Ω) = N (i − 1, j|Ω) + N (i, j − 1|Ω)
12

when

(i, j) ∈ Ω

and

(i − 1, j) ∈ Ω.

Incorparating this, we can write (??) and (??) as

pP

F (p|H; I) =

=

0
1
0
p
0
1
0

(i,j)∈ΩH (I)

z i+σ(H) (1 − z)j+φ(H) dz

P

i+σ(H) (1 − z)j+φ(H) dz
(i,j)∈ΩH (I) z
P∞ PT
i
T −j
dz
T =0
i=b(T ) N (i−σ(H), j −φ(H)|ΩH )z (1−z)
P∞ PT
i
T −j dz
T =0
i=b(T ) N (i−σ(H), j −φ(H)|ΩH )z (1−z)

(4)

Proofs of the Main Results
Lemma 1,

F (p|H; I)

falls falls in

Γ(H; I)

Proof of Lemma 1:
Step 2.

From Claim 2, we prove

F (p|H; I) lr F (p|H; I 0 )

by showing that for

∀j > i,

   
T
T
N (j, T − i|Ω)/N (i, T − i|Ω) ≥
/
j
i

Obviously when

0 ≤ i < i0 ≤ b(T ),

Note that

2



N (i, j|N ) =

i+j
i

We show (6) by showing that

Claim 1. If

Ω0 = Ω ∪ {(a, b)}

for

(5)

the desired inequality holds as


and

N (i0 , T − i0 |N2 )
=
N (i, T − i|N2 )

   
T
T
/
0
i
i

N (j, T − j|Ω)/N (i, T − i|Ω)
∀c ∈ N

and

i < i0 ,

N (i, T − i|Ω) = 0.

falls in the size of

Ω:

we have

N (i0 , c − i0 |Ω0 )N (i, c − i|Ω) ≤ N (i, c − i|Ω0 )N (i0 , c − i0 |Ω)

(6)

b ≥ 1 and (a, b) is on the lower boundary of Ω.
0
0
Firstly, as N (a, b|Ω) = 0 < N (a, b|Ω ) and N (a−k, b+k|Ω) = N (a−k, b+k|Ω ),
k 6= 0, we have (6) for all c = a + b.

for

For non-triviality, assume

all

Next, since for arbitrary non-negative numbers
and

CF < DE ,

Claim

we have

A, B, C, D, E, F

(A + C)(D + F ) ≤ (B + D)(C + E),

??.

Finally, by induction, (6) holds for

c=T
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as desired.

satisfying

we have (6) for

AD ≤ BC

c = a+b+1

by

Claim 2. Suppose a sequence of dierentiable probability density functions
0
satisfy fj /fj
a2j /a2i for all

fi0 /fi for

>
j > i,



we

g2
g1

Pn

k

∀i < j . Let g =
2
1
have g lr g . This
Pn

0
=

i=1

a1i fi0

Pn

k
i=1 ai fi /

Pn

k
i=1 ai ,

f1 , f2 ...fn
k = 1, 2. When a1j /a1i >

follows easily from the fact that

P
P
a2j fj − ni=1 a1i fi nj=1 a2j fj0
P
( nj=1 a2j fi )2

j=1

Step 1.
Proof of Proposition 2
when

H 0 ≥ H , ΩT (H|I) ⊇ ΩT (H 0 |I)

for any

I

and

T

Proof of Proposition 4
when

I 0 ≥ I , ΩT (H|I) ⊇ ΩT (H|I 0 )

for any

H

and

T

Proof of Proposition ??:
Step 1.

For simplicity we show the case where the analyst has a prior with continuous

f 0 (z). The arguments can easily be applied to general cases.
When H 1 H̄ or H 1 H̄ + h1 . . .i for some H̄ ∈ B(ΓH ), every sequence in Γ∅
is a possible pre-history, namely ΓH = {H0 + H| H0 ∈ Γ∅ }. Thus we only need to
show F (·|∅, go; T + 1) w1 F (·|∅, go; T )

density function

Following Step 1 of the proof for Lemma 1, the pdf of the adjusted posterior is

f (p|ε, go; T ) =

T
X

N (i, T − i|Ω∅ )pi (1 − p)T −i f 0 (p)/A

(7)

N (i, T − i|Ω∅ )pi (1 − p)T −i (p + 1 − p)f 0 (p)/A

(8)

i=b(T )

=

T
X
i=b(T )

=

T +1
X

(N (i, T − i|Ω∅ ) + N (i − 1, T − i + 1|Ω∅ )) pi (1 − p)T +1−i f 0 (p)/A

i=b(T )
On the other hand,

f (p|ε, go; T + 1) =

T +1
X

N (i, T + 1 − i|Ω∅ )pi (1 − p)T +1−i f 0 (p)/A

i=b(T +1)
From the quasi-upper-triangular shape of

ī(T ).
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Ω,

either

ī(T + 1) = ī(T ) + 1 or ī(T + 1) =

Step 2.

Recall (??) that

N (i, T + 1 − i|Ω) = N (i, T − i|Ω) + N (i − 1, T + 1 − i|Ω).
When ī(T + 1) = ī(T ), we have f (p|ε, go; T + 1) = f (p|ε, go; T ) for any p and thus
F (ε, go; T +1) = F (ε, go; T ). When b(T +1) = b(T )+1, by Claim 2, F (·|∅, go; T +1) w1
F (·|∅, go; T ). Thus when H 1 H̄ or H 1 H̄ + h1 . . .i for some H̄ ∈ B(ΓH ), the
adjusted posterior F (·|∅, go; T ) rises in T in the likelihood ratio order. Still by Claim
2, F (·|∅, go; γ) rises in γ .
Formally, when H 1 H̄ or H 1 H̄ + h1 . . .i for some H̄ ∈ B(ΓH ), we can express
(8) alternatively as

X

f (p|ε, go; T ) =

N (i, j|Ω∅ )pi (1 − p)j f 0 (p)/A

(i,j)∈Ω∅
However when the condition does not hold,

X

f (p|ε, go; T ) =

N (i, j|Ω∅ )pi (1 − p)j f 0 (p)/A

(i,j)∈ΩH
Note the dierence in the set for summation. The arguments in Step 2 fails.

Proof of Proposition ??:
We rst show this result xing the pre-history length, namely

H 0 w1 H ⇒ F (·|H 0 , go; T ) 2 F (·|H, go; T )
From the semi-upper-triangular shape of

Ω,

obviously

ΩH ⊂ ΩH 0 ∪ B(ΓH 0 ).

Let

ΩTH denote the set of states corresponding to the histories in the continuation set with
T
T
T
T
length T , then ΩH ∪{(i, j)|i+j = T }. Either ΩH = ΩH 0 or ΩH 0 = ΩH 0 \{(b(T ), T −b(T ))}.
T
T
In the second case, ΩH 0 can be derived from ΩH by exclude the state with the most
failures.
From (4),

 p PT
0

i=b(T )

z i+σ(H) (1 − z)T −i+φ(H) γ T dz

0

i=b(T )

z i+σ(H) (1 − z)T −i+φ(H) γ T dz

F (p|H, go; T ) =  1 PT
and

 p PT
0

F (p|H , go; T ) =

0
1
0

i=b̃(T )
PT
i=b̃(T )

z i+σ(H) (1 − z)T −i+φ(H) γ T dz
z i+σ(H) (1 − z)T −i+φ(H) γ T dz
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b̃(T ) = b(T ) or b(T ) + 1.
0
By Claim 2, F (p|H, go; T ) lr F (p|H , go; T ) for any T .
T
T
Next, we consider states in the set ΩH \ΩH 0 . From similar

where

of Proposition

??(b),

the cdf function

pP

T
H0 ∈ΩT
H \ΩH 0

0

F̃ (p) =  1 P

T
H0 ∈ΩT
H \ΩH 0

0

single crosses

G(p|H)


1

arguments as in the proof

z σ(H0 )+σ(H) (1 − z)φ(H0 )+φ(H) γ σ(H0 )+φ(H0 ) dz
z σ(H0 )+σ(H) (1 − z)φ(H0 )+φ(H) γ σ(H0 )+φ(H0 ) d

at some point



p̃

while

E[p|F̃ ] ≤ E[p|G(·|H)].



F̃ (z) − G(z|H) dz ≥

p̃

p̃



We have


G(z|H) − F̃ (z) dz

0

F (·|H, go) lr G(·|H), thus F(·|H, go) 
1 G(·|H). Therefore
 there exists some p̂ <
 p̂
1
p̃ such that p̂ F̃ (z) − F (z|H, go) dz ≥ 0 F (z|H, go) − F̃ (z) dz , namely F (·|H, go) 2
Since

F̃ (·).

F (p|H, go) can be regarded
F (·|H 0 , go) 2 F (·|H 0 , go).

Since

must have

as the average from

F (p|H 0 , go)

and

F̃ (p),

we

Proof of Proposition ??:
(a)

When

H 0 = H + h1i,

it is easy since

ΓH = ΓH 0 .

For the other cases, we rst show

this result xing the total history length, namely

F (·|H 0 , go; T ) lr F (·|H, go; T + 1) if H 0 = h1i + H or H 0 = H + h1i

and
F (·|H 0 , go; T + 1) lr F (·|H, go; T ) if H = h0i + H 0 or H = H 0 + h0i
From Claim 2, we will get the desired result by showing that the weight of the good
state is higher(lower) when we concatenate

1 (0)

to a public history, namely

N (a + 1, b|Ω)/N (a, b|Ω) < N (a, b + 1|Ω)/N (a − 1, b + 1|Ω)
and

By Claim

N (a, b + 1|Ω)/N (a, b|Ω) > N (a, b + 2|Ω)/N (a − 1, b + 1|Ω)
??,

in both cases it suces to show that for

∀a, b

and

Ω,

N (a, b|Ω)2 ≤ N (a − 1, b + 1|Ω)N (a + 1, b − 2|Ω)
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(9)

Step 1,

n1 , n2 , · · · nk be a sequence of number such that ni nj ≥ ni−t nj+t for
∀j ≥ i and t ≤ min{i, k − j}. compose m1 , m2 · · · mk−1 with some number K such that
mi = ni + ni+1 for i > K and mi = 0 for i ≤ K . now we show mi mj ≥ mi−t mj+t for
∀j ≥ i and t ≤ min{i, k − 1 − j}.
If i ≤ K , then i − t ≤ K and thus mi mj ≥ mi−t mj+t for ∀j ≥ i and t ≤ min{i, k − j};
If i > K , then for ∀j ≥ i and t ≤ min{i, k − j},
Let

mi mj = (ni + ni+1 )(nj + nj+1 ) = ni nj + ni+1 nj + ni nj+1 + ni+1 nj+1
≥ ni−t nj+t + ni−t nj+t+1 + ni−t+1 nj+t + ni+1−t nj+1+t
= (ni−t + ni−t+1 )(nj+t + nj+t+1 ) ≥ mi−t mj+t
Step 2,

for arbitrary

a, b,

Dene

Ω0 =
(i, j) ∈ Ω,
= 0.

If

Ñi,j

Let

∪

∪ {(a − t, b + t)}

T ≤a+b+1 t≤T

Ñi,j = N (i, j|Ω)

and

Ni,j = Ni−1,j + Ni,j−1 ;

if

(i, j) ∈ Ω0 \Ω,

let

ni = Ñ−b−1+i,b+1−i and k = a + b + 1, since N00 = 1 and Nij = 0 for
i 6= 0 and j 6= 0, we have ni nj ≥ ni−t nj+t for ∀j ≥ i and t ≤ min{i, k − j}. By induction,
(9) holds for ∀a, b and Ω.
By Step 1, let

(b)

From proposition

??(b),

we will ge the desired result by showing that the weight

of states corresponding to longer histories are higher when the public history contain
more failures or less successes. By the expression (??), this means for any

ΩB
H

where

i ≤ i0 , j ≤ j 0 .

and

Step 1.

k/(k + 1)
integer n.
and

ΩH =

N (i, j|Ω0 )

(i, j), (i0 , j 0 ) ∈

N (i0 + 1 − σ(H), j 0 − φ(H)|Ω)
N (i0 − σ(H), j 0 − φ(H)|Ω)
>
N (i + 1 − σ(H), j − φ(H)|Ω)
N (i − σ(H), j − φ(H)|Ω)

(10)

N (i0 − σ(H), j 0 − φ(H) + 1|Ω)
N (i0 − σ(H), j 0 − φ(H)|Ω)
<
N (i − σ(H), j − φ(H) + 1|Ω)
N (i − σ(H), j − φ(H)|Ω)

(11)

We rst show the case when the experimenter is impatient, the cost

for some positive integer

k

t=1,2,3...

{(i, j)|i + σ(H) ≥ k(j + φ(H))}.

can be expressed as the

j th

· n, n) for any positive
Ω0 =
∪ {(i, j)|i ≥ k · j}

and the prior is Beta(k

In these cases, the continuation set of states

∪

v =

t=1,2,3...

By Aval, Jean-Christophe (2008).

fuss-catalan number with parameter
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ρ = k+1

and

r = i − k · j + 1,

namely



i−k·j+1 j+i+1
N (i, j|Ω0 ) = c(j, k + 1, i) =
j+i+1
j
Now we show (10) for any

i0 = i + a , j 0 = j + 1

and

i ≥ k · j.

where

(12)

7

a ≤ k.

The

left hand side of (10) is

N (i + 1, j|Ω0 )
j+i+2 i−k·j+2 j+i+1
=
·
·
N (i, j|Ω0 )
i+2
i−k·j+1 j+i+2

(13)

The right hand side of (10) is

j+i+a+3 i+a−k−k·j+3 j+i+a+2
N (i + 1 + k, j + 1, |Ω0 )
=
·
·
N (i + k, j + 1|Ω0 )
i+a+2
i+a−k−k·j+2 j+i+a+3

(14)

Obviously the third term in (13) is smaller than (14). Then let's consider the second
term. Since

i ≥ k · j ≥ a · j , (j + i + 2)/(i + 2) < (a + 1)/a

and thus

j+i+2
j+i+2+a+1
j+i+a+3
<
=
i+2
i+2+a
i+a+2
Similarly the rst term in (13) is smaller than (14). Thus (10) holds.

Step 2.

In the general case, there exists some

0 < k1 < k2 ,

so that the continuation

set

∪

t=1,2,3...

{(i, j)|i ≥ k2 · j} ⊂ Ω0 ⊂

i is suciently
k ∈ (K1 , K2 ). Since tha

∪

t=1,2,3...

{(i, j)|i ≥ k1 · j}

Fixing j, when

large, the four terms in (10) approaches (12) for some

equal

ratio of (13) to (14) is strictly less than 1, (10) holds.

ī(i, j) such that (10) holds when i > ī(i, j). Let
φ̄ = sup{arg min(ī(i, j), j + φ) ∈
/ Ω0 } and then when φ(H) > φ̄, for each (i, j) ∈ ΩH ,
To be more specic, there exists

φ

i > ī(i, j)

and (10) holds.

Proof of Proposition ??:

Ω(Υ, δ, v) ⊆ Ω(Υ0 , δ 0 , v 0 ) if Υ0 1 Υ, δ 0 ≥ δ2 and v 0 ≤ v .
Ω(Υ, δ, v) = {(i, j) : I(i, j|Υ, δ, ) ≥ v}, thus the fall of v and increase of Υ

We rst show that

Since
and

δ

7 For the special example we consider in this step we only need to show the case a = k , but we show
the general case with a ≤ k for step 2 where the boundary set is not so regular.
18

expands

Ω.

We only need to show that the

I(i, j|Υ0 , δ 0 ) ≥ I(s, f |Υ, δ)

for∀i, j . Recall

the specication of the Gittins index from (??), we expand the notation of the value
function to
rises in

δ

W (γ|σ, φ; Υ, δ).

since

W

rises in

δ

for all

γ,

the xed point

I(σ, φ|Υ, δ)

also

by Milgrom, Paul and Shannon, Chris (1994).

Υ0 w1 Υ, we have µ(i, j|Υ0 ) ≥ µ(i, j|Υ). Thus W (γ|σ, φ; Υ0 , δ) ≥
W (γ|σ, φ; Υ, δ) for all γ , then I(σ, φ|Υ0 , δ) ≥ I(σ, φ|Υ, δ) for ∀σ, φ and δ . The rest of the
On the other hand, when

proof follows from Claim 2 and the same argument in the proof of Proposition

??.
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